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Weak values are usually associated with weak measurements of an observable on a pre- and post- 
selected ensemble. We show that more generally, weak values are proportional to the correlation 
between two pointers in a successive measurement. We show that this generalized concept of weak 
measurements displays a symmetry under reversal of measurement order. We show that the condi- 
tions for order symmetry are the same as in classical mechanics. We also find that the imaginary part 
of the weak value has a counterpart in classical mechanics. This scheme suggests new experimental 
possibilities. 
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In recent years, there has been a surge of interest in 
generalized forms of quantum measurements. This has 
been driven by recent technological progress in fields 
such as quantum optics and quantum information the- 
ory. The standard type of measurement, a projective 
measurement, requires a strong interaction between the 
measurement apparatus (or pointer) and the system [lj. 
In particular, the measurement interaction should influ- 
ence the pointer so strongly that different eigenstates 
of the measured observable lead to orthogonal pointer 
states. On the other hand, in a weak measurement, the 
interaction between pointer and system hardly affects the 
pointer. 

Of particular interest is the subject of weak measure- 
ments of an observable, say A, on a system pre-selected 
(or prepared) in a specific state, say and post- 

selected in another state, say \(f>). The average reading 
of the position of the pointer that measures A in such an 
experiment is the real part of the quantity [H 



A,„ — 



(4>\A\i>) _ (ip\fA\ip) 



(i) 



where P = \4>)((f>\- The quantity A w , usually complex, 
is called the "weak value" of A for the given pre- and 
post-selected state. The imaginary part of this quantity 
may also be observed in a related experiment [2]. The 
weak value of an observable may differ considerably from 
the eigenvalues. In particular, the real part may lie well 
outside the eigenvalue spectrum These phenomena 
are of a purely quantum mechanical origin and would not 
be expected in a model obeying classical statistics. Such 
"strange" weak values can be observed in a variety of 
systems [E 0] • Weak measurements of weak values throw 
light on some of the most non-intuitive aspects of quan- 
tum mechanics such as Hardy's paradox Jajg] . They offer 
a new way of amplifying weak effects [2j, [7( ■ Weak val- 
ues may also be observed in projective measurements Q. 
Furthermore, weak values may provide a complete repre- 



sentation of quantum states 0. It has been found that 
weak values have applications in areas as diverse as e.g. 
cavity-QED experiments [1(3], optical telecom networks 
[IH, measuring group velocities 12, EU, the Leggett- 
Garg inequality [14[ and amplification of weak signals 
0, EE! • The theory has been confirmed in a number of 
experiments [E 111 El EE EE El El ■ 

Weak values result from a weak measurement of an ob- 
servable followed by a post-selection. In a certain sense, 
the weak value is a conditional expectation of the observ- 
able. However, there is a specific measurement order in- 
volved: the observable is measured before the condition. 
This begs the question: are weak values unavoidably con- 
nected to a specific measurement order? Put differently: 
are weak values unavoidably tied up with pre- and post- 
selected ensembles? 

We thus come to the main purpose of this letter. We 
first show that weak values may be associated with the 
correlation between two pointers in a successive measure- 
ment. One pointer measures an observable, while the 
other measures a projector. We then show that this gen- 
eralized concept of weak measurements displays a sym- 
metry under reversal of the measurement order: reversing 
the measurement order gives rise to the complex conju- 
gate of the weak value. We therefore shall see that weak 
values may very well be observed in weak measurements 
of reverse order, i.e., measurements where the condition 
is measured prior to the observable. But again, the re- 
quirement is that the first measurement be sufficiently 
weak. In such experiments there is no selection of a 
subensemble, because the initial projector measurement 
is so weak that the eigenvalues of the projector cannot 
be distinguished. On the other hand, the eigenvalues of 
the observable itself may readily be observed. It seems 
to us that this scheme opens up a wide range of new 
experimental possibilities. 

In classical mechanics, measurement outcomes are usu- 
ally taken to be independent of the order in which the 
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measurements are performed. As will be shown here, this 
need not always be the case. There are certain condi- 
tions that must be imposed on the measurement pointer 
in order for a weak measurement in classical mechanics 
to be order independent. We find that these conditions 
are the same that must be imposed on the pointer in a 
weak quantum measurement for order independence to 
be established. Furthermore, we find that weak values 
also may be defined in classical mechanics. Surprisingly, 
we find an equivalent of the imaginary part of the weak 
value in classical mechanics. In fact, the classical the- 
ory of weak values emerge by reducing commutators to 
Poisson brackets and anticommutators to twice the prod- 
uct of observables. This dequantization needs to be done 
both on the system proper and on the first pointer. 

In the standard treatment of weak values 3] , von Neu- 
mann's measurement model is used to represent the inter- 
action between the system and a pointer (the latter being 
defined in terms of continuous dynamical variables). It 
should be noted that weak values are not explicitly tied 
to the von Neumann model of measurement. Weak values 
also follow from other types of measurement models. For 
example, weak values may be observed using a pointer 
observable with a finite-dimensional discrete spectrum 
(see, e.g. (HI). Weak values also may be derived using 
the theory of effects and operations [2fJ . 

Historically, only one pointer is introduced for the ob- 
servable A being measured first, the post-selection be- 
ing trivially described by orthodox quantum measure- 
ment theory Here, we shall treat the two observ- 
ables A and B symmetrically. Therefore, we introduce 
two pointers, Mi and M 2 , for measuring in succession 
the observables A and B, respectively. In a recent pub- 
lication 2l|, a formalism was developed for the study 
of successive measurements with an arbitrary interaction 
strength with the pointers. Consider the successive mea- 
surement of two arbitrary observables, A — J2 n a n^a n 
and B = X)mk m P;, m , where P ari and Pf, m are eigenpro- 
jectors corresponding to the eigenvalues a n and b m , re- 
spectively. We assume that A is measured before B. 
The eigenprojectors satisfy the orthogonality relations 
Pa„Pa„, = 6 nn ,P an , P 6m P bm , = 6 mm ,P bm , as well as the 
completeness relations ^ n P an = 1, J2 m = 1- For 
the analysis of successive measurements, the standard 
von Neumann measurement model 0, 122I ] is generalized 
to let the pointer Mi interact before the pointer M 2 , thus 
giving the interaction Hamiltonian 

V{t) = ei§{t - t x )APi + e 2 S(t - t 2 )BP 2l < ti < t 2 . 

(2) 

Here, e, (i — 1,2) is the strength of the interaction be- 
tween the system and pointer Mi, ti is the time at which 
there is an impulsive interaction between the pointer Mi 
and the system, and Pi is the momentum observable for 
pointer M,. 

We assume that prior to the measurement interaction 



the state of the system is p s , the state of pointer Mi is 
PMi , and the state of the complete experimental arrange- 
ment is p = Ps Pmi Pmo ■ One then finds that the full state 
after I , is 21] 



(P6jPa»P.P« B ,P& m ,) 

nn'mm' 



> I < — Pl PMl e leia -' Pl ie~^ P2 pM 2 e^' P2 , (3) 



where the superscript (B «— A) indicates that that this 
is the state after both pointers have interacted with the 
system. 

For a sufficiently strong interaction e\, the position Qi 
of pointer 1 will register the eigenvalues of the observ- 
able A [i^] . We will be interested in the opposite case, 
i.e., a weak interaction where ti is small. Also, for a 
sufficiently strong interaction e 2 , the pointer Q 2 will reg- 
ister the eigenvalues of the observable B. However, the 
distribution of the eigenvalues of B may be disturbed 
by the preceding measurement of A. In the standard 
weak measurement scheme Q, also the momentum Pi 
of the first pointer is involved to register the imaginary 
part of the weak value. For these reasons, we shall first 
consider the general case where an arbitrary observable 
Fi = F(Qi, Pi) is observed on pointer Mi. Furthermore, 
we assume that Q 2 is observed on pointer M 2 . Next, we 
calculate the correlation function 



Fi - TrMxipMi.Fi] 



( h) (B ^ A) = Tl s(PsPa n ,n m PaJ 



<Tn {e- ie ^ A p Ml e ieia "' A [Pi - Tr Ml (p Ml Fi)\ } 

xTr 2 (e-^ p -p M2 e^ b ^Q 2 ) . (4) 



Now we assume that the first measurement is weak, so 
that we expand to first order in e%. Assuming also that 



we obtain 



TrM 2 (pM 2 Q2) 
Tr Ml (p Ml Pi) 



A - Tr Ml (p Ml Fi) 



0. 
0, 



(5a) 
(5b) 



Tr s (p s AB)Tn{p Ml PiFi) 
- Tr s (p s BA)Tri(p Ml FiPi)} + 0{e\). 
Thus, we have 



(6) 



lim 

ei^o eie 2 

i 

~ 2 



Fi - Tr Ml {pM l Fi, 



Tr s (ps{A, B}j Tri (p A/l [Pi,Fi] 
Tr s (p s [i,£f) Tri (/5 Ml {A,A} 



(7) 
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where [A, B] = AB - BA and {A, B} = AB + BA de- 
note the commutator and anticommutator of A and B, 
respectively. A sufficient condition for symmetry under 
order exchange A «-> B is 



where 



Tri p Ml {A,A} 



0, 



(8) 



whereas a sufficient condition for anti-symmetry is 

Tri (pmAPi,A]) =0. (9) 

One possible way of fulfilling ([5]) is [Pi, Pi] = 0. This is 
ensured provided that F\ — Pi (Pi). A sufficient condi- 
tion for symmetry © is that F\ — F\{Q\) and that the 
current density of the first pointer vanishes [23[, 



(Qi|p Ml A + PiPmAQi) = 0. 



(10) 



For commuting observables, [A, B] = 0, symmetry is as- 
sured even for nonvanishing current density. 

Thus, we see that the average of the symmetric and an- 
tisymmetric product of two observables can be obtained 
as the correlation between two pointers in a successive 
measurement, provided that the first measurement is 
weak [21] . Note that there is no condition on the in- 
teraction strength e 2 of the second pointer. 

Furthermore, it is easily shown that 



lim 



(Qi) 
(Q 2 > 



ei^O ( 2 

We have assumed 



= Tr s (p s A), 



= Tv s (p s B) 



Tr(p Ml Oi) = 0. 



(11a) 
(lib) 

(12) 



in deriving Eq. (jllap and Eq. (|5bj) in deriving Eq. (jllbj) . 
Eq. (jllap is valid regardless of the interaction strength 
ei, while Eq. (|llb[) holds only for weak interaction. 

Now we examine the possibility of observing weak val- 
ues as a correlation between the two pointers. We are 
motivated by Eq. (TT|), which tells us that at least in the 
case of commuting observables A and P, a weak value 
may be understood as a conditional correlation between 
the observable and the projector. First, we consider the 
case where the second observable is a projector, 



B 



(13) 



where P 2 = P. Under the conditions ((ID)). (JT2J) and (|5b|) . 
we obtain from Eqs. ([7]) and (|llb() that 



lim 



lim 



(Q1Q2) 



(¥<-A) 



(PiQ 2 >^ 



= 5ft 



Tr s (p s ¥A) 



2a 2 p Ss 



Tr s (p s F) 

Tt s (p s PA) 



Tr s (p s P) 



(14a) 
(14b) 



a 2 Pl =Tr / 5 A/l (Pi) 2 . 



(15) 



We see from Eq. (fl} that these conditional correlations 
measure the real and imaginary parts of the weak value 
of A. Note that the result is independent of the strength 
e 2 of the second measurement. 

But we may as well consider the reverse order mea- 
surement, i.e., one where the projector is measured first, 



A = P. 



(16) 



In considering the reverse order measurement, we still 
assume that the system first interacts with pointer Mi 
and then with pointer M 2 . In this case, it follows from 
Eq. © under the conditions flD]). (fT2f and (|5bJ) that 



lim 

£1^0 



lim 

£1^0 



(PiQ 2 ) (J ^ F) 



Tr s (p s P) 

Ti s (p s BP) 
Tr s (/5 S P) 



(17a) 
(17b) 



As seen from Eq. (TTJ) , in this case we obtain the real and 
the (negative) imaginary part of the weak value of B. 
More explicitly, if we perform the replacement B — > A in 
Eqs. (TTT]) . comparison with Eqs. (TT4")) shows that reversal 
of measurement order gives the complex conjugate of the 
weak value. One can show that there is no such symmetry 
for arbitrary coupling strengths. Since the interaction 
strength t\ with the pointer M\ goes to zero, we cannot 
identify the eigenvalues of the projector P. Therefore, we 
have no possibility of separating into two subensembles 
as in a standard weak measurement. On the other hand, 
we may choose whatever interaction strength e 2 that we 
like. For example, for e 2 — > 00 we have a projective 
measurement of B [21] . Thus, this experiment permits 
us to observe both the eigenvalues and the weak value of 
the observable B simultaneously. 

It is interesting at this point to c omp are the above 
results with a purely classical model ,23!]. The starting 
point is the interaction 

V(t) = e 1 S(t-t 1 )A(q, P )P 1 +e 2 S{t-t 2 )B(q,p)P 2 , < h < t 2 , 

(18) 

where q, p represent the phase space variables of the sys- 
tem proper and Qi, Pi represent those of the pointer Mi 
(i = 1,2). The initial state is the phase space density 

p(q,P, Qi, Pi, Q2, P2) = p s {q,p)pM 1 (Qi, Pi)pm 2 (Q2, Pa). 

(19) 

and the aim is to find its evolution with time for small e±. 
We proceed in a manner analogous to the quantum case. 
The detailed calculation will be published elsewhere and 
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gives the following result: 



of this fact needs further investigation. 



lim — ( [Fx (Qi , Pi) - (Fi (Qi , Pi ))] Q 2 ) ^ 



(AB) s ([P 1 ,F 1 (Q 1 ,P 1 )]p B > Mi 
+<[AP]p B )<PiPi(Qi,Pi)) Ml 



(20) 



where [A, P]ps indicates a Poisson bracket. Notice that 
Eq. (|2T))) obtains from Eq. (J7J) by changing commutators 
to ihx classical Poisson brackets and anti-commutators 
to twice the product of the two observables. It is re- 
markable that under this exchange, the same conditions 
indicated right after Eq. (7J for the symmetry and anti- 
symmetry of the result with respect to the interchange 
of the measurement of A and B applies to the present 
classical case as well. 

In conclusion, we have demonstrated how weak values 
may be associated with the conditional correlation be- 
tween two pointers in a successive measurement. The 
standard scheme for measuring weak values is a special 
case of this, where the last measurement is a projective 
measurement of a projector. With the generalized mea- 
surement scheme, weak values may be observed in weak 
measurements with a reverse measurement order. We 
have considered reverse order measurements in the sense 
that the post-selection is replaced by an initial weak pro- 
jector measurement. As in standard weak measurements, 
the essential requirement is that the first measurement be 
weak. In a reverse order weak measurement, the complex 
conjugate of the weak value is observed. This is reminis- 
cent of a different form of reverse order weak measure- 
ment, where pre-selection and post-selection are inter- 
changed. Interestingly, as follows directly from Eq. fT}, 
this also gives the complex conjugate weak value. 

The possibility of performing weak measurements in 
reverse order widens considerably the available experi- 
mental conditions under which weak values may be ob- 
served. 

In a weak measurement, we lose access to eigenvalues 
of the observable measured first due to the weakened in- 
teraction. So, in a weak measurement of standard order 
we do not see the eigenvalues of the observable, but may 
perform a perfect post-selection. In a weak measurement 
of reverse order, we have no possibility of distinguishing 
between the two alternatives of the projector, but here 
we can obtain the eigenvalues of the observable itself. 

We have found that both in a classical as well as in 
a quantum mechanical description, the same conditions 
apply for symmetry and antisymmetry of pointer corre- 
lations under the exchange of measurement operations. 
Remarkably, there is a classical counterpart to the imag- 
inary part of the weak value. The physical significance 



In order to emphasize the symmetry of the situation, 
the calculations in this paper were made with two point- 
ers. However, it may be noted that an equivalent analysis 
can be made by representing only the first measurement 
with a pointer. 
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terms often used in the literature are "probe" and "me- 
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